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F. $K$ , $p$ , $d\geq 1,$ $K$ ideal $N$
$\rho$ : $G_{K}arrow \mathrm{G}\mathrm{L}_{d}(\overline{\mathrm{F}}_{p})$
$N(\rho)|N$ ?
( $G_{K}$ $K$ Galois $\mathrm{G}\mathrm{a}1(\overline{K}/K),$ $\overline{\mathrm{F}}_{p}$ $P$ $\mathrm{F}_{p}$ $N(\rho)$
$p$





$\vee$ Artin $N(\rho)$ (cf. e.g. [18],
\S 1.2) $\circ$ V $\overline{\mathrm{F}}_{p^{-}}$ 1 $\rho$ : $G_{K}arrow \mathrm{G}\mathrm{L}_{\overline{\mathrm{F}}_{p}}(V)$
$N(p):= \prod_{\mathrm{q}\{p}\mathrm{q}^{n()}\mathrm{q}\rho$
( $\mathrm{q}$ $P$ $K$ ideal ) $n_{\mathrm{q}}(\rho)$
: $P$ $G_{K}$ $\mathrm{G}\mathrm{a}1(L/K)$ $G_{\mathrm{q},i}$
$\mathrm{q}$ ( $L$ ideal) $i$
$?. \iota_{\mathrm{q}(()}):=.\sum_{i\geq 0}\frac{1}{(G_{\mathrm{q},0}.G_{\mathrm{q},i})}.\mathrm{d}\mathrm{i}\ln_{\overline{\mathrm{F}}\mathcal{P}}(V/V^{G_{\mathrm{q}}},i)$
( $V^{G}$ $V$ G- ) $n_{\mathrm{q}}(\rho)$
$\text{ _{}\mathrm{q}}$ $(p)>0\Leftrightarrow\rho$
$\mathrm{q}$
1. . Serrc ([16], [18])
Serre . 2 $\rho$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{2}(\overline{\mathrm{F}}_{p})$ odd (i.e. det(
) $=-1$ ) -Fp- eigenform $f$ of level $N(\rho)$ , weight $k(\rho)$
\rho \simeq pf ( $=f$ )
1
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$N(\rho)$ $k(\gamma))$ $\rho|_{(p}$ ro \acute lffl)
$\geq 1$
$(^{*})$ $\lambda i(p)\leq p^{2}-1$
:
(1) $\rho$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{2}(\overline{\mathrm{F}}_{p})$ $0$ ($J\sim$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{2}(\overline{\mathbb{Q}}_{p})$
(2) $N\geq 1$ $\rho$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{2}(\overline{\mathrm{F}}_{p})$ $N(\rho)|N$
(2) $(^{*})$
- Galois $()$ : $G_{K}arrow \mathrm{G}\mathrm{L}_{d}.(\overline{\mathrm{F}}_{p})$
(2) – (1) – Mazur
Galois ([12])
- :
L. $\rho$ : $G_{K}arrow \mathrm{G}\mathrm{L}_{d}.(\overline{\mathrm{F}}_{p})$ $\rho$ $\tilde{(J}:GKarrow \mathrm{G}\mathrm{L}_{d}(\overline{\mathbb{Q}}_{p})$
? ?
? ? $\tilde{p}$ ( $\mathrm{t}^{-\backslash },.\mathrm{g}$ . Fontaine-Mazur
“geometric” (cf. [6], [22]) $)$ ?
Ramakrishna ([15])
\rho : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{2}(\mathrm{F}_{q})$ “ ” (even ) $\tilde{P}$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{2}(W(\mathrm{F}_{q}))$
odd geometric
(1) $d=2$ $\mathrm{L}$ $\lceil_{\tilde{\rho}}$ geometric
Font($‘ \mathrm{k}\mathrm{i}\mathrm{n}\mathrm{e}$-Mazur $\Rightarrow$ Serrc .
(2) $\mathrm{L}$ $\lceil_{\tilde{\rho}}$ geometric $(^{*})$
Fontaine-Mazur $\Rightarrow$ $\mathrm{F}$ .
(3) ( ) $\mathrm{F}$ $\text{ }G_{K}$ $P$
$\mathrm{F}$
(1) ( : $\rho$ : $(\mathbb{Z}/p\mathbb{Z})^{2}arrow$
$\mathrm{G}\mathrm{L}_{2}(\overline{\mathrm{F}}_{p}),$ $\rho\sim$ , )
(2) $\overline{\mathrm{F}}_{p}$ $\mathrm{F}_{q}$ (Hermite-Minkowski
( $S$ $\leq?l$ $L/K$ ) )





(4) $L/K$ $(L,p, d, N)$ $(K,p, [L:K]d, N’)$




(1) $d_{-}=1$ : Yes.
(2) $d=2,$ $K=\mathbb{Q},$ $N=1$ : Serre
Tate ([23]) 1973 Serre Serre
$p=$. $2,$ $N=1$ $\lceil_{0}\mathrm{d}\mathrm{d}$
$\rho$ $\mathrm{K}\mathrm{e}\mathrm{r}(\rho)$
Minkowski bound
Serre ( III p. 710) Minkowski
bound Odlyzko botind ([17]) $p=3$




$\rho$ (i.e. $\mathrm{K}\mathrm{e}\mathrm{r}(\rho)$ i.e. $\rho$ );
$p=7_{\backslash ,\ovalbox{\tt\small REJECT}}11,13$
$\rho$ GRH
(3) $d>2,$ $K=\mathbb{Q},$ $N=1$ : $p=2,3$ $d\leq 8$ (2)
([13]):
$p=2$ $d\leq 4$ ( )
$d\leq 4$ (GRH)
$d\leq 8$ ( GRH)
$p=3$ $d\leq 4$ ( GRH)
(4) : $\mathrm{A}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{o}\mathrm{n}-\mathrm{B}\mathrm{l}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{u}\mathrm{S}^{-}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}$-Zettler([1]) (R.
Greenberg ) $\mathrm{F}$
. $d\geq 1$ $N$
$\rho$ : $G_{K}arrow \mathrm{G}\mathrm{L}_{d}(\mathbb{C})$ $N(\rho)|N$
( $N(\rho)$ ( ) Artin )
$\mathrm{G}\mathrm{L}_{d}(\mathbb{C})$ Jordan (e.g. [21])
HHHermite-Minkowski (ideal )
[1] ( $\mathrm{C}$ )
(5) :
(A) A. Ash cohomology Hecke eigenclass
nlod $P$ ([2], [3], [4])
(B) B. Gross Galois
([8])




. $K,$ $P,$ $d,$ $N$ $\rho$ : $G_{K}arrow \mathrm{G}\mathrm{L}_{d}(\overline{\mathrm{F}}_{p})$
$N(\rho)|N$ ${\rm Im}(\rho)$
$-W\mathrm{x}$ statement : $\rho$ :
$G_{K}arrow \mathrm{G}\mathrm{L}_{d}(\overline{\mathrm{F}}_{p})$ $N(\rho)|N$ ${\rm Im}(\rho)$ $P$ Lie
$\overline{\overline{\mathrm{p}}}\mathrm{f}$. / ( ( bounded ) $\rho$
)
( ) Hermite-MMMinkowski Larsen-Pink
$\mathrm{K}\mathrm{e}\mathrm{r}(\rho)$ $L/K$
Larsen-Pink ([11]) $d$
$J_{d}$. $G\subset \mathrm{G}\mathrm{L}_{d}.(\overline{\mathrm{F}}_{p})$ $G_{i}$
filtration
$G\supset G_{1}\supset G_{2}\supset G_{3}$
(0) $(G:c_{1})\leq J_{d}$ ,
(1) $G_{1}/G_{2}$ =\Pi ( $P$ Lie ),
(2) $G_{2}/G_{3}$ $P$ Abel ,
(3) $G_{3}$ $p$ ,




(3) $G_{3}\subset$ { 1 } $G_{3}$ $\leq\ulcorner\log_{2}d^{\urcorner}$
ltration $\mathrm{g}\mathrm{r}$ elementary $p$ ([13], Q3 )
elementary $p$ $P$ ([13], 2.1 )
$K$ $K$ $S$
$S$ Galois $L/K$ $\mathrm{G}\mathrm{a}1(L/K)$
(resp. Lie )(resp. Lie )
? $K$ / Frey-Kani-V\"olklein ([7]) (
$K$ ) Galois $L_{i}/K$ $\mathrm{G}\mathrm{a}1(L_{i}/K)\simeq \mathrm{P}\mathrm{S}\mathrm{L}(d, \mathrm{F}_{p}i)$
Lie
$\mathrm{G}\mathrm{a}1(L_{i}/K)\simeq \mathrm{P}\mathrm{s}\mathrm{L}(d, \mathrm{F}p^{n_{i}})$ Galois
$L_{i}/K$ ?
Gal(S /K) ( ) ?
([20]) Frobenius




A. Ash-Sinnott . $\Gamma_{0}$ :
$P$ $N$ $P$ :
$\Gamma_{0}(N)=$ { $\gamma\in \mathrm{S}\mathrm{L}_{d}(\mathbb{Z});\gamma(\mathrm{m}\mathrm{o}\mathrm{d} N)$ el $\Gamma_{0}=\#_{4arrow}^{\mathrm{t}\mathrm{J}}$ }
$S_{N}=$ { $\gamma\in \mathrm{M}_{d}(\mathbb{Z});\det\gamma>0,$ $(\det\gamma,$ $N)=1i^{\mathrm{a}}\cdot\supset\gamma(\mathrm{m}\mathrm{o}\mathrm{d} N)$ es $\Gamma_{0=\mathrm{t}=}\pi 1\mathrm{I}$ }
$\mathcal{H}(N)=\overline{\mathrm{F}}_{p}[\Gamma 0(N)\backslash S_{N}/\Gamma_{0}(N)]$
$D(\ell, k)=$ $(1, \cdots, 1, l, \cdots, \ell)$ (1 $\ell$ $(d-k)$ 4 )
$T(P, k)=D(P, k)$ $=\Gamma_{0}(N)D(P, k)\Gamma 0(N)$ $\in \mathcal{H}(N)$
$S_{N}$ $\mathcal{H}(N)$ $\mathcal{H}(N)$ $T(\ell, k)(0\leq k\leq d,$ $l$ :
$|N$ )
$H$ H(PN)- $\beta\in H$ eigen $0\leq k\leq d$ $N$
$T(\ell, k)\beta=a(l,, k)\beta$ for some $a(\ell, k)\in\overline{\mathrm{F}}_{p}$
$\rho$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{d}(\overline{\mathrm{F}}_{p})$ $\beta$ $\rho$ $pN$
$\sum_{k^{arrow=}0}(-1)^{k}P^{k}(k-1)/2‘ l(l, k)dkX=\det(1-\rho(\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}_{\ell})x)$ for all $p(pN$
$V$ Fp[GLd(Z/NZ)]- L (reduc-
tion mod $N$ -Fp[SN]- ) Cohomology $H^{*}(\Gamma_{0}(N), V)$
H(PN)- ( cohomology * )
([2]2). $\mathcal{H}(pN)$-eigenclass $\beta\in H^{*}(\Gamma_{0}(N), V)$
$p:G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{d}.(\overline{\mathrm{F}}_{p})$
[4] :
([4], ). $\rho$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{d}(\overline{\mathrm{F}}_{p})$ $pN$
\rho ( ) $=\pm(1, -1,1, -1, \cdot\cdot*)$
$N’$ : { $N’$ } $\subset$ {$pN$ }
$V:\overline{\mathrm{F}}_{p}$ [ $S_{pN}’$ ( $\mathrm{m}\mathrm{o}\mathrm{d}$ pN’)]-]]I




$V$ (Serre ) $\mathrm{n}\mathrm{i}\mathrm{v}(_{/}\backslash \mathrm{a}111$ Ii level $N’$ “wcight” $V$
$N’$ /)
Artin ; $N’=N(\rho)$ .
$\epsilon(\gamma))$ Serrc ($\iota_{\mathrm{C}}\mathrm{t}(J=\epsilon\omega^{\lambda:}-1(\omega$
$\mathrm{m}\mathrm{o}\mathrm{d} p$ ) $\epsilon$ : $G_{\mathbb{Q}}arrow\overline{\mathrm{F}}_{p}^{\cross}$ ( $\text{ }$ $P$ $(\mathbb{Z}/N(/))\mathbb{Z}$ ) $\cross$
)
$V$ $(b_{1}, \cdots, b_{d})$ ($p$ )
good $0\leq b_{1}-b_{2}\leq p-1,$ $\cdots,$ $0\leq b_{d-1}.-b_{d}\leq p-1,0\leq b_{d},$ $\leq p-2$
good $\mathrm{d}$-tuple $(b_{1}, \cdots, b_{d})$ $\mathrm{G}\mathrm{L}_{d}(\mathrm{F}_{\mathrm{P}})$ - $F(b_{1}, \cdots, b_{d})$
$\mathrm{G}\mathrm{L}_{d}(\overline{\mathrm{F}}_{p})$ Weyl weight $(b_{1}, \cdots, b_{d})$
unique ( $\mathrm{G}\mathrm{L}_{d}.(\mathrm{F}_{p})$ ) $\overline{\mathrm{F}}_{p}\text{ }$ $\mathrm{G}\mathrm{L}_{d}.(\mathrm{F}_{p})$ -
“paranietrize“ $0$ $g=b_{1}+pb_{2}+\cdots+p^{d-1}b_{d}$
$F(b_{1}, \cdots, b_{d}.)$ $\mathrm{G}\mathrm{L}_{\mathrm{d}}(\mathrm{F}_{\mathrm{P}})$-\mbox{\boldmath $\pi$}I Syrll (g $\overline{\mathrm{F}}_{p}$ )
$\oplus d$
( $a_{1},$ $\cdots\backslash$. $(x,d.)$ $(a_{1}, \cdots, a_{d}.)’$ $(a_{1}, \cdots\backslash . a_{d}.)$ moel $(p-1)$
good d-tuple ( uniquc )
1 $(\mathbb{Z}/N\mathbb{Z})^{\cross}arrow\overline{\mathrm{F}}_{p}^{\mathrm{X}}$ $S_{pN}arrow(\mathbb{Z}/N\mathbb{Z})^{\cross};$ $(^{o.*}*)\ovalbox{\tt\small REJECT}arrow \mathit{0}_{\ovalbox{\tt\small REJECT}}(\mathrm{m}\mathrm{o}\mathrm{d} N)$
$\epsilon$ : $S_{pN}arrow\overline{\mathrm{F}}_{p}^{\mathrm{X}}$ $\overline{\mathrm{F}}_{p}(\epsilon):=$ ( $\overline{\mathrm{F}}_{p}$ with $S_{pN}$ -action via $\epsilon$ )
$\mathrm{G}\mathrm{L}_{d}.(\mathrm{F}_{p})$ -\tau I $V$
$V(.\epsilon):=V\otimes_{\overline{\mathrm{F}}_{1)}}\overline{\mathrm{F}}_{p}(_{\mathcal{E}})$ .
$S_{pN}$ - ( rnod $P$ $\mathrm{m}()\mathrm{d}N$ )
$\rho$ $\rho=\sigma_{1}\oplus\cdots\oplus\sigma_{m}$ $\dim\sigma_{i}$. $=di$ ${\rm Im}(p)$ $\mathrm{G}\mathrm{L}_{d}$
$(d_{1}, \cdots, d_{m})$ Levi $L$
$\rho$ strict parity condition \rho ( ) $L(\overline{\mathrm{F}}_{p})$
\pm $(1, -1,1, -1, \cdots)$
([4], ). $p\geq 3$ $\rho$ : $G_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{d}(\overline{\mathrm{F}}_{p})$ $L$ Levi
$\rho$ strict parity condition $/$) $|_{p}$
niveau 1 $L(\overline{\mathrm{F}}_{p})$
( $\omega$ : $G_{\mathbb{Q}}arrow$ lnod $p$ ).
( ) $N’,$ $V$
$N’=N(\rho)$ ,
$V=F(a_{1}-(d-1), a_{2}-(d-2),$ $\cdots,$ $a_{d})’(\mathcal{E}(\rho))$
(Good $d_{J}$-tuple $(*, \cdot . . , *)’$
)
B. Gross . Serre College de France (1987/88) Tate
[19] :
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. $D$ $\mathbb{Q}$ $\{p, \infty\}$ $D_{\mathrm{A}}^{\cross}$ $(\mathbb{Q}$
) ad\‘ele Katz $\mathrm{m}\mathrm{o}\mathrm{d} p$ modular eigenform
Heei$\mathrm{k}\mathrm{e}$ $(a\ell)\ell\neq_{\mathrm{P}}(a\ell, \in\overline{\mathrm{F}}_{p})$ $f$ : $D_{\mathbb{Q}}^{\cross}\backslash D_{\mathrm{A}}^{\cross}arrow\overline{\mathrm{F}}_{p}$
Hecke $(a\ell)_{\ell\neq p}$ 1 1 ( weight
tallle level $\circ$ )
\S 1 $(^{*})k(\rho)\leq p^{2}-1$
$D_{\mathrm{A}}^{\cross}$ Galois
Gross ([8]) (1) $D_{\mathrm{A}}^{\cross}$
– (2) eigenform Galois
$G$ $\mathbb{Q}$ :
(1) $\Gamma\subset G(\mathbb{Q})$ ;
(2) $G(\mathbb{Q})$ $G(\hat{\mathbb{Q}})$ ( $\hat{\mathbb{Q}}=\hat{\mathbb{Z}}\otimes_{\mathbb{Z}}\mathbb{Q}$ ) ;
(3) $G(\mathbb{Q})$ $G(\hat{\mathbb{Q}})$ $G(\mathbb{Q})\backslash G(\hat{\mathbb{Q}})$ compact.
A $\mathbb{Q}$ ad\‘ele $G$ $\mathbb{Q}$ $V$ $G(\hat{\mathbb{Q}})$ compact
$K$
$M(V)=$ { $f$ : $G(\mathrm{A})arrow V..f$ $f(\gamma g)=\gamma f(g)$ for $\gamma\in G(\mathbb{Q})$ },
$M(V, K)=$ { $f$ : $G(\mathrm{A})/(G(\mathbb{R})_{+}\cross K)arrow V;f(\gamma g)=\gamma f(g)$ for $\gamma\in G(\mathbb{Q})$ },
( $G(\mathbb{R})_{+}$ $G(\mathbb{R})$ ) $M(V, K)$ Hecke
$M(V)$ $M(V, K)$ $G(\mathbb{Q})\backslash G(\mathrm{A})/(G(\mathbb{R})+\mathrm{x}K)$
$G$ root datum ( $\mathbb{Q}$ Galois
) $\hat{G}$ $G$ $G$ L- $LG$
$LG:=\hat{c}_{\rangle\triangleleft}\mathrm{G}\mathrm{a}1(\text{ }/\mathbb{Q})$
( $(g,$ $\sigma)\cdot(g’,$ $\sigma’)=(g\sigma(g’),$ $\sigma\sigma’)$ )
( $\mathbb{Z}$ scheme )
. $\lceil^{L}G$ $+^{\backslash \prime}\text{ ^{ } }\mathrm{t}\mathrm{X}_{/\mathbb{Q}}$ $\mathrm{C}1(^{L}c)$
\mbox{\boldmath $\sigma$}\in Gal(k/Q) ;
$\mathrm{C}1(^{L}G)=\prod_{\sigma\in \mathrm{c}_{\mathrm{a}}1(k/\mathbb{Q})}\mathrm{c}1\sigma$
.
Eigenform Hecke $M(V, K)$
Hecke $N$ $k$ ( ) $\lambda$
$h_{\lambda}(N)\in \mathrm{C}1(^{L}G)(E)$ ( $E=$ ( $\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{H}\mathrm{C}}\mathrm{k}\mathrm{e}(\mathrm{e}N)$ ) –
CM )
([8]). $V,$ $N$ 3 $P$




(1) \rho ( ) $\equiv h_{\infty}(N)$ in $\mathrm{C}1_{\tau}(E\otimes_{\mathbb{Q}}\mathbb{Q}_{p})$
( $\tau=$ ( ) $\in \mathrm{G}\mathrm{a}1(k/\mathbb{Q})$);
(2) $\ell\neq P$ $p$ $k$ $\ell$ level $\rho$ $p$
GQ\rightarrow Gal( /Q) $s_{\lambda}\mapsto \mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}_{\lambda}$ $\rho(s_{\lambda})$
$LG(E\otimes_{\mathbb{Q}}\mathbb{Q}_{p})$ $\rho(s_{\lambda})\equiv h_{\lambda}(N)$ in $\mathrm{C}1_{\mathrm{F}\mathrm{r}\mathrm{o}}\mathrm{b}_{\lambda}(E\otimes_{\mathbb{Q}}\mathbb{Q}_{p})$ .
$\rho$
C. Anderson-Blasius-Coleman-Zettler . $W_{\mathbb{Q}}$ (resp. $W_{\mathbb{R}}$ ) $\mathbb{Q}$
(resp. $\mathbb{R}$) Weil W $\rho$ : $W_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{d}(\mathbb{C})$ infinity type $\rho$
$W_{\mathbb{R}}$ $[\rho|_{W_{\mathrm{R}}}]$
([1]). $d,$ $N$ infinity type $[\rho_{\infty}]$ $\rho$ : $W_{\mathbb{Q}}arrow \mathrm{G}\mathrm{L}_{d}(\mathbb{C})$
$N(\rho)|N$ $\rho$ infinity type $=[\rho_{\infty}]$
$\lceil_{\mathrm{J}\mathrm{o}\mathrm{r}}\mathrm{d}\mathrm{a}\mathrm{n}$ Lie :
. $K$ compact Lie $J$
: $K$ $G$ potentially abelian $\leq J$ abelian
( $G$ potentially abelian $G^{\mathrm{o}}$ abelian
$(G:G^{\mathrm{O}})$ )
Harish-Chandra ([9], 1)
Galois $(\mathbb{C}\text{ })\overline{\mathbb{Q}}_{p}\text{ }$
Galois Fontaine-Mazur
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